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$\prod_{\#\#]\#_{\backslash }\llcorner \text{ }}.\frac{1}{1\pm q^{-s}}$
.
$a_{v}:=1-\# E(kv)+q_{\text{ }}\# E(k_{v})$ reduction $k_{v}$
Hasse-Weil $L(E/F, s)$
$L(E/F, s)$ $\Gamma$ $\Lambda(E/F, s)$
$\Lambda(E/F, s)=w\Lambda(E/F, 2-s)$
$w=\pm 1$ $w=(-1)^{\circ}\mathrm{r}\mathrm{d}_{s}=1L(E/F,S)$
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$E$ N\’eron model







$ii)$ $E$ III $III^{*}$
$w(E/K)=( \frac{-2}{k})$ .
$iii)E$ II, IV, $IV^{*}$ $II^{*}$ 3\dagger $v_{K}(c)$ $P$ \dagger $v_{K}(c)$
Weierstrafl
$w(E/K)= \delta(\Delta, vK(c)C)_{v}(\frac{-1}{k})^{\frac{v(\Delta)(v(\Delta)-1)}{2}}$ .
$\delta$ $\Delta\pi 1\in K$
$1_{\text{ }}$ $-1$ $(, )_{v}$ $K$
Remark 1.1. $p\geq 5$ ) $\delta$ $( \frac{-3}{k})$ $w(E/K)$










Definition 1. $L$ $K$ $\circ$ $\chi$ (quasi-character) $\chi$ :
$L^{\cross}arrow \mathbb{C}^{\cross}$
$W_{L}$
$\psi$ $\psi$ : $Larrow \mathbb{C}^{\cross}\text{ }$
$dx$ $L$ Haar




$n(\psi)$ $\psi(\pi^{-n}O_{L})=1$ $n_{\text{ }}a(\chi)$
$\chi$ $\chi(U_{L}^{n})=1$






Tate module $V_{l}(E)=T\iota(E)\otimes \mathbb{Q}_{\mathrm{t}}$
$\mathbb{Q}\iota\mapsto \mathbb{C}$ $\mathbb{C}$ $W_{K}$
$\sigma_{E}$ :
$\sigma_{E:}W_{K}arrow \mathrm{G}\mathrm{L}_{2}(V\iota(E)\otimes \mathbb{Q}1\mathbb{C})$ .
$\sigma_{E}$ $P$ 2
$\sigma_{E}$ $K$ 2
Definition 2. $P\neq 2_{\text{ }}E$ potential good reduciion
$i)\sigma_{E}=\chi\oplus\chi’$
$w(E/K):=w(x, \psi)w(\chi, \psi J)$ .
$ii)\sigma_{E}=\mathrm{i}\mathrm{n}\mathrm{d}_{H/K}x$
$w(E/K):=w(\eta, \psi)w(\chi, \psi_{H})$ ,
$\eta$ $K^{\cross}arrow K^{\cross}/N_{H/K}H^{\cross}\cong\pm 1\in \mathbb{C}$ $\psi$ $K$
$\psi_{H}=\psi_{\circ}\mathrm{T}\mathrm{r}_{H}/K$
$\chi$
$\psi$ ( $\mathrm{c}.\mathrm{f}$ . Deligne [1])
Remark 21. $p=2$ Brauer $E$ potential
multiplicative reduction $\sigma_{E}$ (
Rohrlich [7] $)$
3.
$\sigma_{E}$ tame wild $p$ 5
$\mathrm{i})_{\text{ }}\mathrm{i}\mathrm{i}$ ) tame Rohrlich tame




$E$ potential good reduction $\sigma_{E}$
Theorem 31(Kraus [5]). $p\geq 3_{\text{ }}$ A $\sigma_{E}$ $K^{un}$ $E$
good reduction $L$ $K^{un}(E[2], \triangle\frac{1}{4})$ A $\mathrm{G}\mathrm{a}1(L/K^{un})$
A
$i)\Lambda\cong\{1\}\Leftrightarrow E$ $I$
$ii)\Lambda\cong \mathbb{Z}/2\mathbb{Z}\Leftrightarrow E$ $I_{0}^{*}$
$iii)\Lambda\cong \mathbb{Z}/4\mathbb{Z}\Leftrightarrow E$ III $III^{*}$
$iv)\Lambda\cong \mathbb{Z}/3\mathbb{Z}\Leftrightarrow v_{K}(\Delta)\equiv 0$ mod 4 $E$ $I$
$v)\Lambda\cong \mathbb{Z}/6\mathbb{Z}\Leftrightarrow v_{K}(\Delta)\equiv 2$ mod 4 $E$ $I_{0}^{*}$
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$vi)$ A $\cong \mathbb{Z}/3\mathbb{Z}\rangle\triangleleft \mathbb{Z}/4\mathbb{Z}\Leftrightarrow v_{K}(\Delta)\equiv 1$ mod 2 $E$ III $III^{*}$
Proof. $L$ $m\geq 3_{\text{ }}$ $P$ \dagger $m$ $L=K^{un}(E[m])$
$L\supseteq K^{un}(E[2])\text{ }$ $v_{L}(\Delta)\equiv 0$ mod 12 $\Delta^{\frac{1}{4}}\in L$
$L=K^{un}(E[2],$ $\Delta^{\frac{1}{4})}$ ( $\mathrm{c}.\mathrm{f}$ . Kraus [5]) $K(E[2], \triangle\frac{1}{4})$
smooth A 2
$K^{un}$ 2 $E$
$I$ $I_{0^{\text{ }}^{}*}$ 1 III $HI_{0}^{*}$
${\rm Im}\sigma_{E}$
$\sigma_{E}$ 2
$($ Rohrich $[7])_{\text{ }}\sigma_{E}$ ${\rm Im}\sigma_{E}$
Proposition 32. $i$) $E$ $I$ ${\rm Im}\sigma_{E}$
$ii)E$ III $III^{*}$ ${\rm Im}\sigma_{E}$ $\Leftrightarrow(\frac{-1}{k})=1$ .
$iii)E$ II, IV, $IV^{*}$ $II^{*}$ ${\rm Im}\sigma_{E}$ $\Leftrightarrow\triangle\frac{1}{2}\in K$ .
Proof. iii) Theorem 3.1 $v_{K}(\triangle)$
$\Delta^{1}\tau$ $K$ $\mathrm{G}\mathrm{a}1(K(E[2], \triangle\frac{1}{4})/K)$ 3 6
$\mathrm{G}\mathrm{a}1(\mathrm{L}/\mathrm{K})_{\text{ }}$ ${\rm Im}\sigma_{E}$
$\triangle\frac{1}{2}\not\in K$ Theorem 3.1 ${\rm Im}\sigma_{E}$ $\mathrm{G}\mathrm{a}1(K(E[2])/K)$
3






$H$ Proposition 3.2 $K(\sqrt{-1})_{\text{ }}$ $K(\triangle^{1}\tau)$
$\chi$
$H^{\cross}$
Proof. i) $\det\sigma_{E}=||||_{K}$ ii) Proposition 32 $\sigma_{E}$
$W_{H}$
– $\epsilon-$
Henniart [3] Weil $\sigma$ $\epsilon-$ $\sigma$
$\chi$ $\sigma$ swan $\xi$
$\epsilon(\sigma, \psi, d_{X})=\chi(\xi)\cross$ $\cross 1$ $P$





$b\in \mathbb{C}^{\cross}$ $ab^{-1}$ $a\sim b$
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Proposition 3.4. $p\neq 2$ $\chi_{\text{ }}\psi_{\text{ }}dx$ Definition 1 $\psi$
$n(\psi)=-1$
$i)$ $a(\chi)$ 1
$\epsilon(\chi, \psi, d_{X})\sim x\in L\sum_{k}(\frac{x}{k_{L}})\psi(x)$ .
$ii)$ $a(\chi)$ 1
$\epsilon(\chi, \psi, d_{X})\sim x(\xi^{-}1)\cross\sum_{x\in k_{L}}(\frac{x}{k_{L}})\psi(vX/2)\cross\psi(\xi)$,




$\epsilon(\chi, \psi, d_{X})\sim\chi(\xi^{-}1)\cross\psi(\xi)$ ,
$\xi$ $L$ $a(\chi)/2$ $x$ $\chi(1+x)=\psi(\xi X)$
Proof. iii)
$\epsilon(\chi, \psi, dx)=\int_{\xi O_{L}}\cross\chi^{-1}(_{X)\psi}(x)d_{X}$
$= \sum_{u\in R}\int_{U_{L}^{a(\chi)}}/2|x^{-1}(\xi ux)\psi(\xi uX)||\xi|Ldx$
$= \sum_{u\in R}\chi^{-1}(\xi u)\psi(\xi u)\int_{\pi_{L}^{a}}(x)/2|_{L}x-1(1+y)\psi(\xi uy)||\xi|doLy$
$= \sum_{u\in R}x^{-1}(\xi u)\psi(\xi u)\int_{\pi_{L}^{a(\chi}O_{L}})/2|\psi(\xi y(1-u))|\xi||_{L}dy$
$=x^{-1}( \xi)\psi(\xi)||\xi||_{L}\int_{\pi_{L}}a\mathrm{t}x)/2O_{L}dy$
1 $\chi(1+x)=\psi_{L}(\xi x)$ $v_{L}(\xi)=-a(\chi)+1$
2 $xrightarrow\xi x$ $R=O_{L}^{\cross}/U_{L}^{a}(x)/2$ coset 3





$\sigma_{E}$ tame ( )
Rohrlich
Fr\"ohlich-Queyrut






$\sigma_{E}$ $-1_{\text{ }}E$ III $III^{*}$ $\sqrt{-1}\text{ }E$




Proof. $\sigma_{E}$ ( ) $w(E/K)=$
$w(\chi, \psi)w(x^{-}|1|||_{K},\psi)=\chi(-1)$ ( Tate [11] ) $\sigma_{E}=$
$\mathrm{i}\mathrm{n}\mathrm{d}_{H/K}\chi$ determinant ( $\mathrm{c}.\mathrm{f}$. Deligne [1],
Proposition 1.2) $\chi|_{K^{\cross}}=\eta\cdot||||_{K}$ tame $H/K$
(Corollary $3.3+\mathrm{O}\mathrm{g}\mathrm{g}_{\mathrm{S}\mathrm{f}\mathrm{o}}’ \mathrm{r}\mathrm{m}\mathrm{u}\mathrm{l}\mathrm{a}$) $\text{ }H^{\mathrm{x}}$ $\kappa$ $\chi\kappa|_{K^{\mathrm{X}}}$
trivial h\"ohlich-Queyrut $w(\chi_{\hslash}, \psi H)=$
$\chi(\xi)$ - $\kappa$ $w(\chi\kappa, \psi_{H})=w(\chi, \psi H)(-1)n(\psi_{H})+a(\chi)\text{ }$
$H/K$ $w(\eta, \psi)=(-1)^{n(\psi})\text{ }w(E/K)=w(\eta, \psi)w(x, \psi H)=$
$-\chi(\xi)$
$w(E/K)$
$\sigma_{E}$ $E$ III $III^{*}$ $\chi|_{O_{K}}\cross$
A 4 $w(E/K)=x(-1)= \chi(\sqrt{-1})2=(\frac{\sqrt{-1}}{k})=(\frac{-2}{k})$
wild $\sigma_{E}$ Henniart wild
$p=3$ $E$ II, IV, $IV^{*}$ $II^{*}$
$\mathbb{J}l,$ $H$ $K(E[2])$ , K(\Delta $M/H$ 3
$\phi:\mathrm{G}\mathrm{a}1(M/H)arrow \mathrm{F}_{3}$ $\phi(1)^{-1}$
$g_{\phi}$
$g_{\phi}$ $W_{H}$ $K^{un}$ \Delta $E$ 2
x- $\alpha,$ $\beta,$ $\gamma$ $g\emptyset(\alpha)=\beta$ $\Delta^{1}$? $(\alpha-\beta)(\beta-\gamma)(\gamma-\alpha)$
$\triangle\frac{1}{4}$
Proposition 3.6. $\sigma_{E}$ wild $\sigma_{E}=\mathrm{i}\mathrm{n}\mathrm{d}_{H/}K\chi$ $\chi(g_{\phi})$
1 3
$w(E/K) \sim\chi(\delta_{\phi})\cross(\frac{-1}{k})G_{H}\cross 1$ 3 .
$\delta_{\phi}=N_{M/H(g_{\emptyset}M}1-\pi/\pi M$ ) $\text{ }$ $G_{H}$ $\sum_{u\in k_{H}^{\mathrm{X}}}(\frac{u}{k_{H}})\chi(g_{\phi})\mathrm{T}_{1}\cdot k/\overline{arrow.}3(u)H$
Proof. $w(E/K)=$
$w(\chi, \psi_{H})_{W}(\eta, \psi)$ $\psi$ $n(\psi_{H})=-1$ $\psi_{H}$ $O_{H}$ $\mathit{0}_{H}arrow \mathbb{C}^{\cross},$ $x\vdash+$
$\chi(g_{\phi})\mathrm{T}\mathrm{r}k_{H}/\overline{\mu}3(\overline{x})$
$\psi$ $w(\chi, \psi_{H})\text{ }w(\eta, \psi)$ Proposition
34 $w(\eta, \psi)$ $a(\chi)$ $-1_{\text{ }}a(\chi)$
( ) $G_{H}$ non-trivial $w(\chi, \psi_{H})$
$\chi(\xi)$ 1 3 $\chi(\delta_{\phi})$
$u=\xi\delta_{\phi}$ modulo $\pi_{H}$ 1
$v\in O_{H}$ $\chi(1+\delta_{\phi}v)$ 2







$t=a(M/H)-1_{\text{ }}r$ $\phi_{H}$ $x-*(x-1)/\delta_{\phi}$
$\chi(1+\delta_{\phi}v)=\chi(g_{\phi})\mathrm{T}\mathrm{r}kH/\mathrm{r}_{\mathrm{s}}(\overline{v})$ $v\in O_{H}$
$\chi(g_{\emptyset})\mathrm{T}\mathrm{r}_{k}/H\mathrm{F}_{3}(\overline{uv})=\chi(g_{\phi})^{\mathrm{T}(\overline{v}}\mathrm{r}k_{H}/\mathrm{F}3)$
$u$ modulo $\pi_{H}$ 1
$\delta_{\phi}$ Weierstrai3
Proposition 37. $P\geq 3_{\text{ }}E$ II, IV, $IV^{*}$ $II^{*}$
Weierstrafl $y^{2}=x^{3}+ax^{2}+bx+\mathrm{c}$ 3\dagger $v_{K}(c)$ $p$ \dagger $v_{K}(c)$
$\delta\emptyset\equiv\triangle \mathrm{z}/1v_{H}(\mathrm{C})c\mathrm{m}\mathrm{o}\mathrm{d} U_{H}^{a(x})$ $ogg$
$a(E/K)=v_{K}(\Delta)-2v_{K}(\mathrm{c})+2$ .
$\triangle$ minimal $v_{K}(c)= \frac{m+1}{2}$ $m$ $E/K^{un}$ N\’eron
special fibre component $v_{K}( \mathrm{C})\equiv\frac{m+1}{2}$ mod 6
$E$
Proof. key point Weierstraf3
Tate algorithm ( Silverman [10]) $\delta_{\phi}$ $a(M/H)$
$M/H$ $g\pi_{M}/\pi_{M}=1+\pi_{M}^{a(M/H)-}u1$
$u$ $v_{M}(\alpha)$ $v_{\Lambda}\prime f(\alpha)(1-g\pi_{M}/\pi_{M})\equiv 1$ -
$g\alpha/\alpha \mathrm{m}\mathrm{o}\mathrm{d} \pi_{M}^{a}(M/H)\text{ }$ Ogg $\sigma_{E}=$
$\mathrm{i}\mathrm{n}\mathrm{d}_{H/K}\chi$ Theorem 3.1 $\chi$ $\mathrm{G}\mathrm{a}1(L/H)$
$\chi$ $M/H$ – Ogg
( $\mathrm{c}.\mathrm{f}$. Serre [9]) $\sigma_{E}$
$v_{K}(\Delta)$ modulo 12 – Ogg
$a(E/K)=v_{K}( \triangle\min)-m+1$
Proposition 36 $w(E/K)$ tame
$\chi(\delta_{\emptyset})_{\text{ }}G_{H}$ $\phi$ -
$w(E/K)$ $\phi$ 2
$\chi(\delta_{\phi})$ $G_{H}$











Proposition 38. $p=3_{\text{ }}\sigma_{E}$ wild $N$ $K(\Delta^{\frac{1}{4}})$ $E$




Corollary 39. $\Phi_{N}\in W_{N}$ $\mathrm{G}\mathrm{a}1(\overline{k}/k_{N})$ ‘
$\circ$ te module $V_{l}(E)$ action
$\Phi_{N}=-\sum_{u\in k^{\mathrm{X}}N}(\frac{u}{k_{N}})^{-\mathrm{T}}g_{\phi}N\mathrm{r}k/\mathrm{F}3(u)$ .
Proof. $\mathcal{E}_{L}$ generic fibre $E\otimes_{K}L$ $K$ $g\in W_{K}$
generic $1\otimes g$ $g\in \mathrm{A}\mathrm{u}\mathrm{t}(\mathcal{E}_{L})$ generic fibre Tate module
$g^{-1}$
wild $\sigma_{E}$ $w(E/K)$
Proposition 310. Proposition 3.6
$x(\delta_{\emptyset})=\chi(-\Delta 21/vH(_{C)c)}\sim(\triangle, vK(C)C)v(-GH)^{v}H(\triangle)/2$
Proof. Proposition 37 $\chi(v_{H}(c)c)$
Proposition 35 $\chi|_{K^{\cross}}=\eta\cdot||||_{K}$ – $\eta$ Hilbert
$x\vdash+(\Delta, x)_{v}$ $\chi(V_{H}(c)c)\sim(\triangle, v_{H}(c)c)_{v}=(\frac{-1}{k})^{v_{K}}(\triangle)(\triangle, v_{K}(c)c)_{v}$
$v_{H}(\Delta)/2$




$\Phi_{N}$ $\Phi$ $\chi(\Phi^{v_{H}}(\triangle)/2)=(-(\frac{-1}{k_{H}})G_{H})$ $\Psi\in W_{H}$
$-\triangle\Sigma 1$ $\chi(\Psi)=\chi(\Phi^{v_{H}}(\triangle)/2)$




$w(E/K)$ Proposition 36 3.10 $w(E/K)=$
$\pm 1$ – ( $\mathrm{c}.\mathrm{f}$. Rohrich [7]) 1 3
(Hasse-Davenport )
Proposition 38 $\mathcal{E}_{K}$ $E/K$ N\’eron $\mathcal{E}_{K}\otimes O_{L}$
$\mathcal{E}_{L}$ generic fibre N\’eron universality
$\iota$ : $\mathcal{E}_{K}\otimes Larrow \mathcal{E}_{L}$ over $O_{L}$ –
$\mathcal{E}_{K}\otimes O_{L}arrow\iota \mathcal{E}_{L}$
$1\otimes g\downarrow$ $\downarrow g$






Proposition 3.11. $\mathcal{E}_{L}$ $\mathrm{P}_{O_{L}}^{3}$ closed subscheme : $Y^{2}=$
$X(X+1)(X- \frac{\gamma-\alpha}{\alpha-\beta})$ $\mathcal{E}_{L}$ $E$ smooth proper
) special fibre $\overline{\mathcal{E}_{L}}:y^{2}=x-3X$




$\iota$ Proposition 38 reduction
2
Proposition 312. $g_{\phi^{\text{ }}}\Phi_{N}$ Proposition 3.8 $\circ$ $g\emptyset$ $\overline{\mathcal{E}_{L}}$ :
$y^{2}=x^{3}-x$ automorphism $x-+x+1,$ $y-+y$ $\circ$ $\Phi_{N}$ $\# k_{N}$
Proposition 313 (The Gauss sum of $\overline{\mathcal{E}_{L}}$ ). $\mathrm{F}_{q}$ $\mathrm{F}_{3}$ $\rho$ $\overline{\mathcal{E}_{L}}$







\searrow p $=2$ potential mulitiplicative. tame. 2 good reduction
$-1$ ( $\mathrm{c}.\mathrm{f}$ . Rohrlich [7])
Example 1 $y^{2}=x^{3}+D/\mathbb{Q}$
Liverance [6] CM
Hecke character sextic reciplocity law
$p=2$
$\pm(-1, D)_{2}$ $\mathrm{t}\mathrm{a}\mathrm{m}\mathrm{e}_{\text{ }}$ wild 1
$-1_{\circ}$ tame $\mathbb{Q}(\sqrt{D})=\mathbb{Q}(\sqrt{-3})$
Proposition 41. $D$ mod4 1 six power free
$v_{3}(D)$
$D=\pm 3^{n_{P}}1^{n..}$ p$1.$ kk , $\mu(D)$ $\mu(D)=\pm v_{3}(D)p_{1}\cdots p_{k}$
$E:y^{2}=4x^{3}+D$ $w=-( \frac{\mu(D)}{3})$
Proof. $D\equiv 1$ mod 4 $E$ minimal discriminant $-3^{3}D^{2}$
$P$ $w_{p}$ $p\neq 3_{\text{ }}p|D$ 3 $|v_{p}(D)$
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$E$ $P$ wild $w_{p}=( \frac{p}{3})(3, D)_{p}$
$p=3$ wild $w_{3}=( \frac{v_{3}(D)}{3})(3, D)_{3}$
$w_{\infty}=-1$ $w_{p}$ Hilbert





$xarrow x-1,$ $y arrow y+\frac{1}{2}$ $y^{2}=x^{3}-3_{X^{2}}+3x$ $\frac{3}{4}$ $E$
$\mathbb{I}$
$\circ$ $w_{3}=-(-27, -3)_{3}( \frac{-1}{3})=-1_{\text{ }}$ 1 )\vdash
1 Mordell-Weil rank Cremona
$0$
ii) $K=\mathbb{Q}(\sqrt{d})$ $w= \mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}(d)(\frac{d’}{3})$
$d$ square-free $d=3^{a}d_{\text{ }^{}\prime}a=0,1$ 2
1 1 twist $\mathbb{Q}$
3\dagger $d$ 3 $( \frac{d}{3})$
2 1 2
3 1 $K=\mathbb{Q}(\sqrt{d})$
$-1$ 3 $( \frac{d}{3})$ 3 $|d$ 3
$K$ $\Delta^{1}?\in K$ $( \frac{-d’}{3})$ 3
$( \frac{d’}{3})$ $d$ 2 1
$d$ 1 $-1$
sign $(d)( \frac{d’}{3})$
twist $E$ $d$ twist $E^{d}$
rank $E(\mathbb{Q}(\sqrt{d}))=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}E(\mathbb{Q})+\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}E^{d}(\mathbb{Q})$
$E$ $K$ $E$ $E^{d}$ $\mathbb{Q}$
( ) $E^{d}$ $y^{2}=x^{32}-3dx+3d^{2}x$ $\frac{3}{4}d^{3}$
$-d^{6}3^{3}$ $P|d_{\text{ }}p\neq 2,3$ 2 good reduction
$E^{d}$
$w_{P}=(-1, d)_{p}$ $p=3$
$E^{d}$ wild )\vdash $w_{3}=( \frac{d’}{3})(-1, d)_{3^{\text{ }}}p=2$ $\sqrt{d}$




)iii) $K=\mathbb{Q}(\zeta_{p})$ $p\neq 2,3$ $w=-(-1)\underline{\mathrm{p}}-1$
$f$ $p^{f}\equiv 1\mathrm{m}\mathrm{o}\mathrm{d} p$ $\mathrm{i})_{\text{ }}\mathrm{i}\mathrm{i}$)
$p=7$ $\mathbb{Q}\subset \mathbb{Q}(\sqrt{p^{*}})\subset \mathbb{Q}(\zeta_{p})$ ( $p^{*}=( \frac{-1}{p})p$ )
$1_{\tau}-1_{\text{ }}1$ &/ ‘lb
rank $E(\mathbb{Q}(\zeta_{\mathrm{P}}))\geq 2$ $E:y^{2}+y=x^{3}-1$
) $\mathrm{s}-$ $-1_{\mathrm{u}}1_{\text{ }}-1$ rank $E(\mathbb{Q}(\zeta_{p}))\geq 3$
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